ABSTRACT. The importance of the Hurwitz Metzler matrices and the Hurwitz symmetric matrices can be appreciated in different applications: communication networks, biology and economics are some of them. In this paper, we use an approach of differential topology for studying such matrices. Our results are as follows: the space of the n × n Hurwitz symmetric matrices has a product manifold structure given by the space of the (n − 1) × (n − 1) Hurwitz symmetric matrices and the euclidean space. Additionally we study the space of Hurwitz Metzler matrices and these ideas let us do an analysis of robustness of Hurwitz Metzler matrices. In particular, we study the Insulin Model as application.
INTRODUCTION
The Hurwitz symmetric matrices are symmetric matrices whose eigenvalues have negative real part. On the other hand, a real matrix A ∈ M n×n is a Metzler matrix if its off diagonal elements are non-negative. The symmetric matrices are important in the analysis of stability with the Lyapunov approach (see [7] ) while the importance of the Hurwitz symmetric matrices can be appreciated in [7] , [8] , [9] and [10] . On the other hand, the Metzler matrices have great importance in applications (see for instance [3] , [11] , [12] , [18] , and [21] ). Now we use an approach of differential topology for studying the spaces of the n × n Hurwitz symmetric matrices and the n × n Hurwitz Metzler matrices, which are denoted by Sym H n×n and Metz H n×n , respectively. Such approach proved to be useful in the study of the spaces of stable polynomials (see [1] and [2] ). Our result use an idea presented in [13] , [15] , [16] and [17] : let A n be a n × n invertible matrix that is partitioned as where A n−1 ∈ M (n−1)×(n−1) , b n−1 , c n−1 ∈ R n−1 , d n−1 ∈ R − . Then, we have the following results of Narendra and Shorten [13] and [17] : Lemma 1.
1) A n is a Hurwitz symmetric matrix if and only if D n−1 is a Hurwitz symmetric matrix, 2) Let A be a Metzler matrix. Then, A is Hurwitz if and only if D n−1 is a Hurwitz matrix.
Proof. See [13] and [17] for a proof of 1) and 2). ✷ Now we do an inverse procedure to the Shorten-Narendra procedure, that is we have a (n − 1) × (n − 1) matrix and obtain a n × n matrix. Consider a (n − 1) × (n − 1) matrix D n−1 defined as
can be written as
Using above results and ideas presented in [1] and [2] , now we will prove that Sym H n×n is diffeomorphic to Sym H (n−1)×(n−1) × R n , where Sym H n×n is the set of the Hurwitz symmetric matrices, actually that diffeomorphism will be an isomorphism of smooth fiber bundles, where the projection over Sym H (n−1)×(n−1) is given by A n −→ D n−1 . Also we show the usefulness of these results for obtaining families of Hurwitz symmetric matrices or Hurwitz Metzler matrices and this let us do an analysis of robustness for important models in applications as the Insulin Model.
Another recent work related to ours, is presented in [6] where is addressed the sign-stability problem and it is proved the sign-stability of a Metzler sign-matrix can be assessed from the Hurwitz stability of a single particular matrix. Also, in Theorem 12.6 of [4] similar result about stability is stablished for a family of matrices in an interval matrix. On another hand, it follows from Theorem 2 (in next section) the existence of a neighborhood, for each n × n-Hurwitz symmetric matrix, in which every matrix in such neighborhood is also a Hurwitz symmetric matrix, wich implies a more general robust stability without any reference to sign-matrix or special neighborhood.
A different approach for the study of Hurwitz stability is given in [20] for linear continuous systems, through Schur complements and Lyapunov functions.
HURWITZ SYMMETRIC MATRICES
As it was denoted in the introduction, let Sym H n×n be the set of the Hurwitz symmetric matrices.
Theorem 2. The space Sym H n×n is diffeomorphic to the product manifold
Proof. First we define
Note that the matrix defined by (1) is Hurwitz symmetric if and only if, the matrix in the first coordinate in (2) is Hurwitz symmetric matrix. Consequently, both of matrices have all negative entries on the diagonal.
Is clear that ϕ and ϕ −1 are differentiable. Therefore, ϕ is a diffeomorphism and we get the result we wanted to prove. ✷
APPLICATION: FAMILIES OF MATRICES
When we are working with physical phenomena and we have to study a Hurwitz symmetric matrix A, it is more suitable to think that A is an element of a family of matrices, since uncertainties in its elements must be considered. Then, we should be verify that all of the elements of a family of matrices are Hurwitz symmetric matrices. The results in this paper let us study complex families of matrices in Sym H n×n which were constructed with simplest families in Sym H (n−1)×(n−1) . By example, if we have a ball B r with radius r, that is
Remark. Here we use balls in the set of M (n−1)×(n−1) to show that our approach let us do an analysis of robustness for the stability of complex families of matrices in M n×n .
METZLER HURWITZ MATRICES

Definition 3. The matrix A is a strictly Metzler matrix, if its off diagonal elements are positive.
We denote by Metz + H n×n the set of the n × n strictly Metzler Hurwitz matrices.
Consider the (n − 1) × (n − 1) Metzler Hurwitz matrix Then we can see that A have to be written as
Note that A is not a Metzler matrix for every
We have to consider some restrictions on the h i 's and k i 's in order to get that A is a Metzler matrix. This implies that the set of the n × n Metzler Hurwitz matrices is not a product manifold of the set of (n − 1) × (n − 1) Metzler Hurwitz matrix and the euclidean space. However, we can take advantages of our approach (as in Theorem 2) for considering the fiber of (n − 1) × (n − 1) Metzler Hurwitz matrices B and then to get calculate families of n × n Metzler Hurwitz matrices and in this way we could study systems that consider uncertainties or perturbations. The result is the following. Proof. It follows of the above discussion and the results of Narendra and Shorten [13] ✷ We illustrate this result with the following application.
4.1. The Insulin Model. Several mathematical models have been proposed for dynamic glucose-insulin therapy in type 1 diabetes, however the mathematical model of Sorensen is one of the most widely accepted for its completeness in the representing of the metabolism of glucose, from a compartmental approach, see [19] . The model is divided into three subsystems: glucose, insulin and rates of metabolic glucagon. The glucose subsystem is a nonlinear system of ordinary differential equations in eight dimensions, while the insulin subsystem is a linear system in seven dimensions. Both systems are coupled by nonlinear subsystem of rates of metabolic glucagon. The Insulin subsystem iṡ x = Ax, where 
T , where the entries of this vector are the insulin concentrations in the compartment of brain, heart, stomach, liver, kidney, vascular space and interstitium of the peripheral tissue; respectively, see [14] . The nominal parameters used here are those validated in [19] . If we renamed A as A 7 , then, 
We have that the fiber of B 6 is the familie of 7 × 7-matrices given by 
where k i ∈ R, i = 1, . . . , 7, h j ∈ R and j = 1, . . . , 6. Note that the matrices defined in (5) are not Metzler for every value of the k i 's and h j 's. If we give the conditions 
If we take k 2 , k 6 , h 2 and h 6 nonnegative, with k 7 ∈ R such that Since B 6 is a Hurwitz matrix, then all of the elements of (6) are Hurwitz matrices. Note that A 7 is in the familie (6): take h 2 = k 2 = 0, k 6 = ). The importance of (6) is that now we have an Insulin Model that consider uncertainties or perturbations. Therefore, now we can answer questions like the following; if nominal values of the matrix A components correspond to the real system (the human body of the insulin dependent person), any statement about the stability of the system can be altered if we change one of the inputs?, since in this section we have shown a robustness result for a family of systems of linear differential equations. Furthermore, considering the inoculation of insulin in the above linear model, this becomes a positive linear systems of the formẋ = Ax+b with A Metzler matrix and b ∈ R n + , it is known (cf. [5] ) that if A is also a Hurwitz matrix is a necessary and sufficient condition to there exists a no trivial positive fixed point x ∈ R n + , such that, x = −A −1 b, this means that if the dynamic is disturbed, all solutions of the linear system (including the fixed point) does not leave the positive cone.
CONCLUSIONS
In this paper, we present an approach of differential topology for studying robust stability of the set of Hurwitz-Metzler matrices and Hurwitz symmetric matrices. In a specific problem, the analysis of robust stability can be done with standard technics of linear algebra, but our approach let us do the analysis for families of complex systems, as the Remark at the end of Section 2 indicated.
